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INTRODUCTION 
The class of linear groups of fixed degree is investigated, and the existen- 
tially closed structures in this class are characterized algebraically. The 
underlying first-order language uses symbols for the multiplication, the 
inverse function, and the unit element. 
Let n be a positive integer and c be a prime or zero. Denote by I!(n, c) the 
class of all groups admitting a faithful representation of degree n over 
suitable fields of characteristic c. The union over all eligible c yields 
f?(n) = 0, I!(n, c). For a class I! of similar structures, e.g., groups, denote by 
E, the existentially closed members of 2. Furthermore, Z(p”) is the 
quasicyclic group of type pm and Q the additive group of rationals. 
THEOREM 1 (Cohn 121, Eklof and Sabbagh [4]). The class f?(l, c) may 
be axiomatized by a set of universal sentences, and there exists a model- 
completion. The classes e(l) and f!(l, 0) are identical. The group A is 
existentially closed in X?(l, c) tf and only tf A is isomorphic to 
@pprime,p+c Z(p”) 0 Q”’ for some cardinal A. 
THEOREM 2. Let n > 2. The class P(n, c) may be axiomatized by a set of 
universal sentences, and there exists a model-companion which is not a 
model-completion. The same is true for the class P(n). Furthermore, the 
following statements are equivalent: 
(i) H is existentially closed in X?(n, c). 
(ii) There are an algebraically closed field F of characteristic c and a 
group A E J%(,,,, consisting of scalar matrices in an extension field of F such 
that H is isomorphic to A . SL(n, F). 
* This paper is a revised version of the author’s Diplomarbeit completed at the University 
of Freiburg. 
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(iii) There are an algebraically closed field F of characteristic c and a 
group A E EW ,c, such that H is isomorphic to the central product of A and 
SL(n, F) with the central subgroups {a E A ] a” = 1) and (a1, / a E F, 
a” = 1) amalgameted. 
EcC,, is the disjoint union of Ec(,,,, with r running through all primes and 
zero. 
While in the proof of Theorem 1 the sets of axioms are given explicitly, in 
Theorem 2, merely their existence is shown. 
In the case n = 1 the members of EcC,, are determined by a single cardinal 
1. For n > 2, a triple (c, K, A) is necessary. In this context, c is the charac- 
teristic and K the transcendence degree of the underlying algebraically closed 
field, and A is the torsion-free rank of the center. Obviously, the model- 
completion belonging to J?( 1, c) is categorical in every uncountable cardinal 
but not in K,,. Fixing the characteristic and restricting the centers, a minor 
modification of the proof of Theorem 2 yields the following result. 
THEOREM 3. For fixed c and n > 2, consider the class of all groups 
isomorphic to SL(n, F) for some algebraically closed field F of characteristic 
c. Then this class may be axiomatized by a set of VSsentences which is 
complete, model-complete and categorical in every uncountable cardinal, but 
not in NO. 
In the sense of Abraham Robinson, these theorems show that the linear 
groups of fixed degree are nearly as trivial as the class of fields. 
In a final section, we announce some results concerning existentially 
closed solvable linear groups of fixed degree. Henceforth, we abbreviate 
“existentially closed” by “e.c.” Many basic definitions and facts can be 
found in Hirschfeld and Wheeler [6]. 
1. GROUPS EMBEDDABLE INTO MULTIPLICATIVE GROUPS OF FIELDS 
In this section the case n = 1 is studied in order to verify Theorem 1. In 
view of Cohn [2], and Eklof and Sabbagh [4], the results are not very 
surprising. Remember that the class Q(l) consists of all groups embeddable 
into the multiplicative group of some field. Fixing the characteristic c yields 
2(1, c). 
DEFINITION 1.1. Let Qi,,, := (“abelian group”} U {“the number of 
elements of order q is at most q - 1” ] q prime}, and for every prime p let 
@ , ,p := @, ,0 u (“there is no element of order p” ). 
PROPOSITION 1.2 (Cohn [2]). The models of @,,C form the class X?(l, c), 
and I?(l)=JZ(l,O). 
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Thus f?(l) consists of all abelian groups whose torsion parts are locally 
cyclic. The last proposition should be compared with Sabbagh’s result [9]. 
He has shown that the class of all groups which are isomorphic to the full 
multiplicative group of some field is not axiomatizable. 
Looking at the model-completion of the theory of all abelian groups 
(Eklof and Sabbagh [4, pp. 255-257]), the following definition is evident. 
DEFINITION 1.3. Let @tC := @, ,c U “divisible” U {“there is an element 
of order q” ] q prime, q + c}. 
PROPOSITION 1.4. A is a model of @;“,C if and only if there exists a 
cardinal J > 0 such that A rr. @4prime,qZr (q”O) 0 Q(l). 
For example, the multiplicative group of an algebraically closed field of 
characteristic c is a model of @tC. In view of a later application, we mention 
a lemma concerning T := GJqtc Z(qm). 
LEMMA 1.5. For two elements , t of T having the same order, there is 
an automorphism 7c of T such that n(s) = t. 
We want now to verify that @CC is the model-completion of @,,, . Of course, 
it is possible to adapt the proof of Eklof and Sabbagh [4, p. 2561. But 
instead of working with ultraproducts, a back and forth argument directly 
leads to quantifier elmination. In this connection, we first show that every w- 
saturated model of @f, has at least countable torsion-free rank. Then Flum 
[5, p. 258, 1.14(a) and (d)] yields the next proposition. 
PROPOSITION 1.6. The theory @EC is complete and admits elimination of 
quantljiers. 
Since every field is included in an algebraically closed one, every model of 
cD,,~ may be embedded into some model of @tC. That @T,C is the model- 
completion of @,,r follows from quantifier elimination for @EC. Moreover, 
E pC,,Cj is the class of models of @I*,=. Finally, we have proved Theorem 1 
completely. 
2. THE LINEAR GROUPS OF FIXED DEGREE n>2 
In this chapter we assume n > 2 throughout. First of all, we ask how to 
axiomatize the linear groups of fixed degree. The starting point is a slight 
generalization of a result of Mal’cev (see Kegel and Wehrfritz [ 7, pp. 64-67, 
Appendix]). We discuss it in detail because a modification is employed later 
on. 
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Let D be an ultrafilter on I # 0 and Ki be a field for every i E I. 
Moreover, let K := n,,, Ki/D and G := nia, GL(n, Ki)/D. Note that 
elements of ultraproducts are written (a(i) ] i E Z)D. Then the map 
t: G + GL(n, K) defined by 
t(((ak,(i))k,,=l,...,n I i E&d := ((chG)l iEOD)k,m=,,...., 
is well-defined and a group-isomorphism. Thus the following proposition is 
valid. 
PROPOSITION 2.1 (Mal’cev). Each of the classes O(n, c) and I!(n) is 
closed under ultraproducts. 
Motivated by Eklof and Sabbagh [4, p. 287, 7.111, we modify a well-known 
lemma. 
LEMMA 2.2. Let 5Z be a class of similar structures, e.g., groups. Then the 
following are equivalent: 
(i) !S may be axiomatized by a set of sentences. 
(ii) f! is closed under ultraproducts and elementary equivalence. 
(iii) I? is closed under ultraproducts and elementary embeddings (i.e., 
A je B E JZ! implies A E I!). 
Proof By Chang and Keisler [ 1, p. 173, 4.1.12(i)], the first two 
statements are equivalent. Obviously, it is sufficient to verify that (ii) follows 
from (iii). Therefore suppose A = B and B E f? Using Frayne’s lemma (see 
Chang and Keisler [ 1, p. 208, 4.3.13]), A is elementarily embeddable into an 
ultrapower of B. Hence A belongs to !i!. 
COROLLARY 2.3. Each of the classes I!(n, c) and II?(n) may be 
axiomatized by a set of universal sentences. 
Proof: Both classes are even closed under arbitrary algebraic 
embeddings. I 
Unfortunately, the inconstructive proof of Corollary 2.3 does not yield 
explicit sets of axioms for I!(n, c) and I!(n). This is considerably different to 
the case n = 1. The first one who investigated elementary properties of linear 
groups was Mal’cev [ 16, Chap. 201. 
Corollary 2.3 implies that the classes mentioned are inductive. Thus in 
each class there are e.c. objects, and they form an inductive, cofinal subclass 
(see Hirschfeld and Wheeler [6, pp.‘19, 21, 1.3, 1.51). We now try to charac- 
terize the members of EPCn,cj algebraically. Without entering into particulars, 
we shall proceed in the following manner. 
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Suppose H is e.c. in f?(n, c). Then there exists a field K of characteristic c 
(which may be chosen algebraically closed) and an embedding 71: H N G < 
GL(n, K). Hence G is e.c. in GL(n, K). Consequently, we are able to find for 
every finite subgroup U of GL(n, K) an isomorphic copy of U included in G. 
The central idea is now to choose U such that the isomorphic copies 
included in GL(n,K) form only one conjugacy class. Then there exists a 
conjugate of G in GL(n,K) which contains the subgroup U and is e.c. in 
GL(n, K) as well. By means of the matrices in U, we endeavor to charac- 
terize specific types of matrices by quantifier-free formulas. Using these 
formulas, we show that our conjugate of G possesses the form claimed in 
Theorem 2. The main difficulty is to find an appropriate subgroup U. In case 
c > 0, the special linear group over a sufficiently large finite subfield of K 
may be employed. If c = 0, some difficulties arise. 
For the converse we apply a model-theoretic trick. We must then merely 
show that the groups A . SL(n,F) are ec. in every larger matrix group of 
degree n. Finally, this can be solved by means of coordinates in the 
underlying fields. 
The following lemma is crucial for us; it follows from elementary 
representation theory (see, for example Curtis and Reiner [ 31). 
LEMMA 2.4. Let K be afield of characteristic c. 
(i) Assume c > 0, and let k be a positive integer. Moreover, ifn = 2, 
let ck > 3. Then every nontrivial representation 71: SL(n, c”) + GL(n, K) is 
absolutely irreducible. 
(ii) Let F be an algebraically closedfield and II: SL(n, F) + GL(n, K) 
be a nontrivial representation. Then F also has characteristic c, and r is 
absolutely irreducible. 
Obviously, SL(n, K) includes the image of 7c in both cases. 
We shall now prove the first step of our characterization under some 
restricting assumptions. If i #j, denote by tij(a) the matrix which differs 
from the identity matrix I, only in the (i,j)th entry by the quantity a. Such 
matrices are called transvections. Diagonal matrices are written 
diag(a, ,..., cf,), scalar matrices al,. 
LEMMA 2.5. Let K be an algebraically closed Jield and G be e.c. in 
GL(n, K) such that: 
(i) In the case n = 2 the group G contains a diagonal matrix d which 
is not scalar. 
(ii) tij( 1) E G for all integers i fj between 1 and n. 
Then G = A . SL(n, F) for some algebraically closed subfield F of K and 
SOme group A E ~~~~~~~~~~~~~ consisting of scalar matrices defined in K. 
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ProoJ: First we construct some quantifier-free formulas defined in G. 
%,(X) := il [XT L”(l)1 = 1 
(the brackets denoting the commutator). 
If n = 2, o,(x) := p?(x) := [x, d] = 1, while for n > 3 
n 
[x, t,,(l)] = 1 for all m = l,..., n. 
Now for every g E S such that G ,< S < GL(n, K), we have: 
(1) S + o,,(g) if and only if g is a scalar matrix, 
(2) S + p,,,( g) if and only if g = diag(a ,..., a,P, a ,..., a) with /I in the 
mth position. 
Next, for every i#j consider the set F, := (A E K 1 tjj(A) E G}. We want to 
verify that F, is a field. That 0, 1 E F, follows from I,, fij( 1) E G. If 
/2, p E F,, then t,(A -p) = tij(l) . lij@)-’ E G and consequently A - ,K E Fii. 
Next, we must consider the multiplication and suppose A, ,U E F, - (0). Let 
h := diag& ,..., p,A,p ,..., p) with J. in the jth position. Thus we have 
GL(n, K) k= cpi(h) A tij(l) = tjj&)h. S’ mce G is e.c. in GL(n, K) and tii(A), 
lij@) E G, we conclude G b 3x(cpj(x) A tij(n) = tij&)“). Hence there exists a 
diagonal matrix g = diag(a ,..., a,/?, a ,..., a) E G such that tJ1) = fij~)K = 
fij@ . @/a)). This implies /?/a = n/p. The desired result n/p E Fi,j follows 
from tij(l/p) = tij@/a) = fij( l)R E G. Thus we have verified that all the Fij 
are sublields of K. 
Since the prime field P is included in each Fi., and the special linear group 
is generated by transvections, we obtain SL(n, P) < G. Therefore, modulo 
the changing of an entry from 1 to -1, every permutation matrix is already 
contained in G. Conjugating shows that all the F, are equal, and we denote 
this subfield of K by F. Accordingly, SL(n, F) < G. 
Suppose an arbitrary g E G < GL(n, K) is given. Since K is algebraically 
closed, we can find a E K - (0) and s E SL(n, K) such that g = (a1,) . s. 
Furthermore, s is a product of transvections. For example, s = ii . .e. . x^, 
with ik = tickjjck, &) and A, E K - (0). Let z”k := diag(l,..., 1, L,, l,..., 1) with 
1, in thej(k)th position. 
* A (V)jCk)(Zk) A xk = tiCk)jCk)(l )‘“))y 
k=l 
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and we conclude that this sentence is already satisfied in G. Thus we can 
find matrices /3Z,, tifkjjckjbk) E G such that g = (ZIZ,) . JJ;_, ti(kjj(kJ@k). Of 
course puk E F. Defining A := (yl,, 1 y E K} f’7 G < G, we have shown 
g E A . SL(n, F). Gathering all we know, G = A . SL(n, F). 
Our final task is to verify A E Ec(,,char(Kj) and that F is algebraically 
closed. Since the quantifier-free formula o,,(x) is defined in G and charac- 
terizes the scalar matrices in GL(n, K), the first assertion is clear in view of 
the first section. For the second problem consider a polynomial f(x) = u, . 
xm + .. . + a0 of positive degree with coefficients in F. Then, we choose a 
root /I in K. Since 0 E F, we may assume /I # 0 and have 
tl,(f~)) = fi t,,(ak)(diag(l.....l.~)~). 
k=O 
Using the sentence 3x(9,(x) A 1 = nrzo t,n(ak)(xk)) and that G is e.c. in 
GL(n, K), we are able to find a root in F. Thus F is algebraically closed, 
too. 0 
LEMMA 2.6. Let K be an algebraically closed field of characteristic c 
and G be e.c. in GL(n, K). 
(i) Assume c > 0, and let k be a positive integer. Moreover, if n = 2, 
let ck > 3. Then there exists a g E GL(n, K) such that SL(n, c”) < GR. 
(ii) Zf p is a prime different to c, then there exists a g E GL(n, K) such 
that U := {diag(a, ,..., a,) 1 ai E K and (ai)P = 1 } < GR. 
Proof. Since G is e.c. in GL(n, K), we can find for every finite subgroup 
V of GL(n, K) an isomorphic copy included in G. In order to verify this, it 
suffices to express “there are 1 VI different elements satisfying the finite 
multiplication table of V.” 
(i) The finite field with ck elements is included in K, and therefore 
SL(n, c”) < GL(n, K). Hence we can find a W< G such that W= SL(n, c”). 
This defines an embedding 
7~: SL(n, c”) ‘v W < G < GL(n, K). 
According to Lemma 2.4(i), 71 is irreducible and its image is included in 
SL(n, K). Now Steinberg [ 11, p. 45, 7.51 implies WK < SL(n, c”) for a 
suitable g E GL(n, K). Counting yields equality, and therefore SL(n, c”) = 
WR < GR. 
(ii) In the same way choose some W < G < GL(n, K) such that 
W = U. The groups U and W are finite abelian groups having exponent p 
and rank n. Using Wehrfritz [ 15, pp. 3, 4, 1.3, 1.6 (Maschke-Schur)\, we 
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can find a g E GL(n, K) such that WR consists of diagonal matrices. The 
exponent and the rank imply WR = U, and we conclude U < GR. m 
PROPOSITION 2.1. Let K be an algebraically closedfield and G be e.c. in 
GL(n, K). Then there exists a g E GL(n, K) such that GR = A f SL(n, F) for 
some algebraically closed subfield F of K and some group A E Eec,.charcK,, 
consisting of scalar matrices defined in K. 
ProoJ: Our argumentation depends on the quantity c := char(K). Let us 
first assume c > 0. Then, according to Lemma 2.6(i), a conjugate of G 
includes the group SL(n, c’). This conjugate is e.c. in GL(n, K) as well, and 
Lemma 2.5 yields the desired result. 
We turn now to the tedious case c = 0 (actually the proof presented works 
for all c # 2). Lemma 2.6(ii) implies U = (diag(a, ,..., a,,) 1 ai = f 1) < G’ < 
GL(n, K) for some t E GL(n, K). Denote by dj the diagonal matrix 
diag( l,..., I, -1, l,..., 1) E U with -1 in the jth position. 
Let pPdiag(x) := Ai,, [x,d,] = 1, and for i#j let oij(x) := A;=,,u+i.u+l 
[x, d,] = 1 (if n = 2, take the tautology x=x). For every g E S such that 
G’ < S < GL(n, K), we have: 
(1) S + odiag( g) if and only if g is a diagonal matrix, 
(2) S I= oij( g) if and only if in the matrix g at most the diagonal 
entries and the coefficients in the (i,j)th and (j, i)th position are not equal to 
zero. 
Next, for every i #j we try to find some matrix h, = diag(P, ,...,p,) E G’ 
such that pj/pi = 2. 
Let xij(x, y) := oij(x) A pdiae( y) A xp = x2 A xY # xdj A x # 1, and 
GL(n, K) bxij(tij( l), diag( l,..., 1, 2, l,..., 1)). By the standard argument, we 
find some a, b E G’ such that a possesses the form described in (2), 
b = diag(y, ,..., v,), ab = a2, ab + adI, and a # I,. Writing ab = a2 as a system 
of equations for the entries and using the relations mentioned, we obtain 
yi/yi = 2 or vi/yj = 2. Thus either b or b-’ may be chosen as hi,i E G’. 
For every i #j we define the formula vii(x) := ~~,~(x) A xhv =x2 which is 
quantifier-free and defined in G’. Doing a computation with the entries, one 
verifies that vii(x) exactly describes the transvections tij(A) in GL(n, K). 
Using the sentence ~x(I+Y~~(x) A  # l), we obtain a transvection 
tij(Aij) E G’ such that Aii # 0. 
Let z := diag(;l,, . I,, . ... . An-r,,, A,, . ... . An-,n, AneIn, l), and 
tkk+l&k+J = t,,+,(l) f or all k between 1 and n - 1. Put g := t f z, and 
t kk+ 1(1) E (Cl)’ = GR < GL(n, K). Conjugation by z does not change 
diagonal matrices. Thus the group U is also included in Gg, and the formulas 
v,(x) are defined in Gg, too. Remember, t,, + , (1) E GR for all eligible k. 
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Claim. tij( 1) E Gg for all i < j. Proof by induction on j. tii+ r( 1) E Gg is 
already known. Suppose now i + 1 <j < n and tij(l) E Gg. Then tij+ ,(l) = 
[tij( l), tjj+ ,( l)] is contained in Gg. 
Next, we want to verify tii(l) E Gg for all i #j. In view of the claim we 
need consider only an arbitrary pair (i, j) with i > j. Since we play in charac- 
teristic # 2, a short calculation shows that (fji(l) . tij@)-2)2 is a diagonal 
matrix if and only if p = 1. Let o(x) := vij(x) A qdiag((tji( 1) . x-‘)‘). This 
formula is quantifier-free, defined in Gg (Claim!), and characterizes tJ1) in 
GL(n, K). Thus tij(l) is contained in Gg. 
Finally, the hypotheses of Lemma 2.5 are verified for the group GK (if 
n = 2, the matrix diag( 1, -1) is a member of U < Gg). 1 
COROLLARY 2.8. Let H be e.c. in fJ(n, c). Then there are an 
algebraically closed field F of characteristic c and a group A E Er(,,,, 
consisting of scalar matrices in an extension field of F such that H is 
isomorphic to A . SL(n, F). 
Proof Since HE e(n, c), we can choose a faithful representation 
71: H + GL(n, K) over an algebraically closed field K of characteristic C. 
n(H) is e.c. in f!(n, c) and especially in GL(n, K). Thus we can apply 
Proposition 2.7 to the matrix group n(H). 1 
The following lemmas prepare the converse of our characterization. 
Working with systems of equations and inequations, the first may be verified 
easily. 
LEMMA 2.9. (i) Let Hi be e.c. in the group Gi (i = 1,2). Then H, X H, 
is e.c. in G, x G,. 
(ii) Let H be e.c. in the group G. Let N < H < G and N g G. 
Moreover, assume N = { g E G 1 G k v),,,( g)} f or some quanttjier-free formula 
q,(x) which is defined in H. Then H/N is e.c. in G/N. (In case N is finite, 
e.g. N = { g, ,..., g,}, we may use q,(x) :=x = g, V ... V x = g,.) 
LEMMA 2.10. Let F be an algebraically closed field and K an extension 
field of F. Then SL(n, F) is e.c. in SL(n, K). 
Sketch of proof. Note that in the class of all fields, “algebraically closed” 
and “existentially closed” are equivalent. Roughly speaking, when 
considering systems of matrix group equations and inequations, we are 
allowed to work with the entries. For details, see the first part of the proof of 
Theorem 4 in Mal’cev [ 16, pp. 244, 2451. In order to find solutions in the 
special linear group, we must always add the determinant condition. 
(Obviously, the argumentation generalizes to various types of matrix groups 
defined over fields.) 1 
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In the following, we denote by KX the multiplicative group and by K the 
algebraic closure of some field K. Furthermore, let KXZ, := {aZ, 1 a E KX }. 
LEMMA 2.11. Let K be an algebraically closed field. Let A be e.c. in 
K ‘I,, and S e.c. in SL(n, K). Moreover, {aZ, I a E K, a” = 1) < S. Then 
(A . S)R is e.c. in GL(n, K) for every g E GL(n, K). 
Proof. Since a conjugation is an automorphism, we may assume g = 1. 
Obviously, {al, 1 a E K, a” = 1) is included in A. Thus N := ((al,, a ‘I,) 1 
a E K, a” = 1) is a central, hence, normal finite subgroup of A x S. From 
Lemma 2.9 we conclude that A x S/N is e.c. in KXZ, X SL(n, K)/N. Since K 
is algebraically closed, (a, b)N M a . b defines an isomorphism between 
KXZ, x SL(n, K)/N and GL(n, K) which maps A X S/N onto A . S. 1 
COROLLARY 2.12. Let F be an algebraically closed field of characteristic 
c and L be an extension field of F. Let G := A e SL(n, F) for some group 
A E EP,,,C, consisting of scalar matrices defined in L. Then GK is e.c. in 
GL(n, L) for every g E GL(n, L). 
Proof. We work in GL(n,L) and make use of the two preceding 
lemmas. I 
Corollary 2.12 tells us only that G is e.c. in every matrix group of degree n 
which includes G. Actually, we have to show G E Ea,,.,,. This is not a 
trivial consequence. 
PROPOSITION 2.13. Assume the hypothesis of Corollary 2.12. Then every 
isomorphic copy of G is e.c. in the class f?(n, c). 
Proof. There are two argumentations. The first one is algebraic and 
employs a theorem on algebraic groups proved by Bore1 and Tits (see 
Steinberg [ 12, second volume, p. 2201). In this context, we begin with 
G < HE f?(n, c) and choose a faithful representation 7~: H + GL(n, K) over 
some algebraically closed field K of characteristic c. Then we show that a 
conjugate of z(G) satisfies the assumptions of Corollary 2.12. Consequently, 
z(G) is e.c. in GL(n, K) and thus in n(H) as well. Finally, G is e.c. in H. The 
second idea is based on a model-theoretic trick and leads directly to the 
desired result. First of all, we choose an extension field M of L which is 
algebraically closed and uncountable. We have G = A . SL(n, F) < GL(n, M), 
and following Hirschfeld and Wheeler [6, p. I9, 1.31, we can find a 
H E -%l,d such that GL(n, M) < H. By Corollary 2.8, there exist a field K 
of characteristic c, an algebraically closed subfield E of K, and some group 
B E EP(,.Cj consisting of scalar matrices in K such that H N B . SL(n, E) < 
GL(n, K). This yields an embedding rc: MXZ, . SL(n, M) = GL(n, M) < H = 
B . SL(n, E) < GL(n, K). Since commutators must be mapped onto 
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commutators, we conclude K,, < ]M] < (E]. The fields M and E are 
algebraically cased with identical characteristics, and therefore we can find a 
field-embedding f: M + E. 
Choose now a primitive nth root of unity J in M. Since B E EPc,,C), we 
know f(A) E B. According to Lemma 2.4(ii), the representation 71 is 
irreducible, and Schur’s lemma (see Wehrfritz [ 15, p. 3, 1. I]) yields 
7~: MXZ, -+ B. Hence No ( ] MI < 1 B ]. Combining this cardinality equation 
with Proposition 1.4 and Lemma 1.5, we can find a group-embedding 
p: MXZ, -+ B such that p@Z,) =f(n) I,. We know that f(M) is an 
algebraically closed subfield of E. Moreover, p(M’Z,) is a member of E,,, ,c) 
and a subgroup of B. Since ,@Z,) =f(n) Z,,, a group-isomorphism 
c: GL(n, M) = MXZ, . SL(n, M) -t p(MXZ,) . SL(n,f(M)) may be defined 
by 4(aZ,> * (Tij>i,j=l,...,n) :=daZ,) * (f(<ij))i,j=~.....n where (tij) is an 
element of SL(n, M). Hence, 
G = A e SL(n, F) < GL(n, M) --p(M’Z,) . SL(n,f(M)) 
< B . SL(n, E) = HE Eecn,c,. 
Thus B . SL(n, E) E Ecc,,,,. According to Corollary 2.12, the group 
p(MXZ,) . SL(n,f(M)) is e.c. in the matrix group B . SL(n, E). From 
Hirschfeld and Wheeler [6, p. 25, 1. lo] we may conclude p(MXZ,) . 
WM-CM)) E &(n,cj and consequently GL(n, M) E Eacn,c,. Repetition of 
this argument yields that G and hence every isomorphic COD of G is a 
member of EP(n,c). II 
Corollary 2.8 and Proposition 2.13 imply the equivalence of (i) and (ii) in 
Theorem 2. Undoubtedly, (iii) is merely a verbal modification of (ii). Note, 
that in view of Lemma 1.5, the central product mentioned in (iii) is 
independent of the isomorphism chosen between the central subgroups. 
PROPOSITION 2.14. EPcnJ is the disjoint union of EPcn,r, with r running 
through all primes and zero. 
Proof: Obviously, Eec,, is included in the union. Suppose now 
HE %2,,). In order to prove our proposition, we have to verify HE Eec,,, 
and H 4 Ew,,,, for all s # r. But, according to Corollary 2.8 and 
Lemma 2.4(ii), every WE 2(n) such that H < W has faithful representations 
of degree n only over fields of characteristic r. 1 
Now, we begin to study questions concerning axiomatizability. In the 
following, denote by Mod(@) the class of all models of a theory @. 
Corollary 2.3 tells us that there exist sets Qp,,, and @,, of universal sentences 
such that f?(n, c) = Mod(@,.,) and 2(n) = Mod(@,). 
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PROPOSITION 2.15. There are sets @& and @f of El-sentences such 
that K3n.c) = Mod(@&) and EPtn) = Mod(@,*). 
Proof. At the beginning of this chapter we defined the isomorphism 
t: ni,, GL(n, Ki)/D + GL(n, ni,, Ki/D). The equivalence of (i) and (ii) in 
Theorem 2 is already shown. This and Proposition 2.14 describe the 
members of the classes EP(n,c) and Eecn) algebraically. Using r, we can 
conclude that each class is closed under ultraproducts. Employing Hirschfeld 
and Wheeler [6, p. 25, 1.101, we are able to verify the second part of 
statement (iii) in Lemm 2.2. Since both classes are inductive, they may even 
be axiomatized by a set of V3-sentences. 1 
Hirschfeld and Wheeler [6, p. 48, 49, 2.41 and Proposition 2.15 tell us that 
@z,c is the model-companion of @n,c (modulo logical equivalence). @,* has 
the same property relative to @,,. Are these model-companions even model- 
completions? In order to answer this question, we study embedding 
properties. 
PROPOSITION 2.16. (i) !2(n, c) and 2(n) do not have the amalgamation 
property. 
(ii) 2(n, c) has the joint embedding property but f!(n) does not. 
(For definitions, see Hirschfeld and Wheeler [6, p. 50, 521.) 
Proof (i) Assume, if possible, that L?(n, c) or f!(n) have the 
amalgamation property. Then choose an algebraically closed field F of 
characteristic c and some a E F - {0, 1). Let a :=aZ” and 
b := diag( I,..., 1, a). The cyclic groups (a) and (b) are isomorphic via 
a ++ b. By our assumption, there exist some GE f?(n) and embeddings 
71~: GL(n, F) --f G (i = 1,2) such that n,(a) = n,(b). Since G E L(n), we can 
find an algebraically closed field K and a faithful representation rt: G -+ 
GL(n, K). Lemma 2.4(ii) and Schur’s lemma (see Wehrfritz [ 15, p. 31) tell us 
that rc o 7c, maps a = al, onto some scalar matrix. Because of rt o z2(b) = 
71 o zl(a), the matrix b is contained in the center of GL(n, F) and hence 
scalar, a contradiction. 
(ii) Suppose that two groups contained in I(n, c) are given. Choose 
faithful representations of degree n over fields of characteristic c, and use the 
joint embedding property for fields of characteristic c. Therefore, 2(n, c) 
possesses this property, too. Finally, choose two algebraically closed fields of 
different characteristics. By Lemma 2.4(ii), the special linear groups of 
degree n over these fields cannot be embedded into some common member of 
I?(n). Consequently, X?(n) does not have the joint embedding property. 1 
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In view of Hirschfeld and Wheeler (6, p. 50-53, 2.6, 2.81 we have proved 
the following proposition. 
PROPOSITION 2.17. (i) @pn*.c is the model-companion of @n,c but not a 
model-completion, and @zqC is a complete theory. 
(ii) @x is the model-companion of @,, but not a model-completion, and 
@,* is not a complete theory. 
3. CATEGORICITY OF LINEAR GROUPS 
The preceding sections admit some easy consequences concerning 
categoricity. In studying transcendence degrees, Steinitz has shown that the 
first-order theory of algebraically closed fields of a fixed characteristic is 
categorical in every uncountable cardinal, but not in EC,,. In this section we 
try to transfer this result to linear groups of fixed degree. First of all, 
Proposition 1.4 implies that @tr is categorical in every uncountable cardinal 
but not in No. In the following, we assume n 2 2. The models of @z,,c are 
described in Theorem 2, and we immediately obtain that this theory is not 
categorical in any infinite cardinal. Therefore, we restrict the centers and 
denote by f?‘(n, c) the class of all groups admitting an embedding into 
SL(n, K) for some field K of characteristic c. Most results of Section 2 
remain valid, but we merely verify the part which is necessary for 
Theorem 3. 
PROPOSITION 3.1. The class II?‘(n, c) may be axiomatized by a set of 
universal sentences. Moreover, the group H is e.c. in IJ’(n, c) if and only ifH 
is isomorphic to SL(n, F) for some algebraically closed field F of charac- 
teristic c. 
ProoJ Remember the isomorphism r defined at the beginning of 
Section 2. This t and Lemma 2.2 imply the first assertion. 
Suppose now HE Er!,(,,,,. Then H N S < SL(n, K) for some algebraically 
closed field K of characteristic c. Of course, S is e.c. in SL(n, K). Let 
C := (aZ, ] a E K, a” = 1) and D := {diag(a, ,..., a,,) ] ai E K, (ai)n = 1, and 
aI . -. 1 a,, = 1 J. C,< D < SL(n, K), and the finite abelian group D has 
exponent 1 C] and order ] Cl”- i. Since c does not divide ] C ], we may argue as 
during the proof of Lemma 2.6(ii). Thus there exists some h E GL(n, K) such 
that C = Ch < Dh < S < SL(n, K). Applying Lemma 2.11, we conclude that 
K ‘I,, . S is e.c. in GL(n, K). Using Proposition 2.7, we obtain H _N Sg = 
SL(n, F) for some g E GL(n, K) and some algebraically closed subfield F of 
K. 
In order to show the converse, one may easily adapt the model-theoretic 
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proof of Proposition 2.13. Since the centers are restricted, the argumentation 
is even simpler. I 
PROPOSITION 3.2. There is a set Yz,, of VSsentences such that 
E ~'(n.c) = Mod(%,!. 
Proof. Use the argument of Proposition 2.15. 1 
PROPOSITION 3.3. The theory Yz,,c is categorical in every uncountable 
cardinal but not in &. 
Proof. The models of !?z,,c are described in the Propositions 3.1 and 3.2. 
Suppose an uncountable cardinal 3, is given. @hoose an algebraically 
closed field F of characteristic c such that 1 FI = L Then SL(n, F) is a model 
of Yz,c with cardinality A. Next, assume that H is an arbitrary model of Y:,c 
and 1 HI = 1. Hence H N SL(n, M) for some algebraically closed field M of 
characteristic c, and we may conclude IMl = I H) = A. Steinitz tells us M N F, 
implying H N SL(n, M) = SL(n, F). 
To complete, we have to investigate countable models. According to 
Steinitz, there are countably many countable algebraically closed fields of 
characteristic c which are not isomorphic. Then the special linear groups of 
degree n over these fields are countable but not isomorphic (see O’Meara [S, 
p. 76, 56.101). 1 
Finally, the propositions of this section imply Theorem 3. 
4. SOME REMARKS ON EXISTENTIALLY CLOSED SOLVABLE 
LINEAR GROUPS OF FIXED DEGREE 
The class G consisting of all solvable groups is not inductive. But instead 
of 6, we may consider the locally solvable groups or all solvable groups of 
derived length < m. The latter class is a variety, and Saracino ]lO] has 
shown that, in case m > 2, there is no model-companion. These 
considerations suggest a study of the class fi!(n)n 6. Theorems of 
Zassenhaus and Dixon show that every member has derived length at most 
n + 2. Thus the axioms of f?(n) enable us to axiomatize e(n) n G by a set of 
universal sentences. Since I?(l) consists of abelian groups, we need consider 
merely the case n > 2. Intuitively, it seems quite plausible that there are 
results similar to those obtained in Section 2. 
Remember that a gtven HE EeC,) was represented as a subgroup G of 
GL(n, K) over some algebraically closed field K. Then we reflected the 
structure of this general linear group almost completely into the subgroup G. 
Consider now an HE Eecnjnc represented in the same way as a subgroup 
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G of GL(n, K). Since the general linear group is not solvable, we must look 
for solvable matrix groups between G and GL(n, K) in order to reflect 
properties. This problem can be solved using results of Suprunenko [ 13, 141. 
He has characterized the maximal solvable subgroups of the general linear 
group over some algebraically closed field as matrix groups. Unfortunately, 
their structure is quite involved. Employing these ideas, it is possible to 
prove the following. 
PROPOSITION 4. Let n > 2 and H be e.c. in I?(n)nG. Then H is 
isomorphic to a matrix group which is (modulo some diagonal matrices) a 
maximal solvable subgroup of the general linear group of degree n over some 
algebraically closed field. 
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